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QUATERNIONS. 



BY CHRISTINE LADD, UNION SPRINGS, NEW YORK. 

Trigonometry. — Hamilton does not give the quaternion equivalents for 
all the transformations of Trigonometry, and those which he does give are 
widely scattered through his works. I have found a re swme of the subject 
fruitful in suggesting new relations between the symbols of quaternions. 

The following formulae from the Elements will be made use of: — 



210. XL S.q 2 = (Sqf+(Vq) 2 . 


(1) 


XII. V.q 2 = 2Sq. Vq. 


(2) 


XV. Tq 2 = (8qf—{Vqf. 


(3) 


XVII. 8U(qf = 2(SUqf— 1. 


(4) 


XVIII. Sq'q = Sq'.Sq+S( Vq'. Vq). 


(5) 


XIX. Vq'q = Vq'.Sq+ Vq.Sq' + V{ Vq'. Vq). 


(6) 


274. XII. (TV:S) 1 /q=- l /l(Tq-Sq)+(Tq+Sq)l 


(7) 


XI. TVVq = Vl(Tq-Sq). 


(8) 


199. XII. 8i/q = Vl{Tq+Sq). 


(9) 


205. V1 = 1V, 82 = 28. 


(10) 


294. II. V.yVpa = aSfr—pS r a. 


(11) 


210. XXIX. Tq'4-Tq = T{q'+q) if q> = xq. 


(12) 


S. r Vpa = rpa— r Spa+p8ra—aSfr. 


(13) 


We have, for the trigonometrical functions, 




sin £q = TVUq, cos lq = SUq, 




sin n / q = 1 VU(q*), cos n Z. q = SUtf), 




tan Z? =(TV:8)q. 




Putting Uq for q in (1) and taking the tensor, 




8U(q*) = (8Uqf+(TVUqf, 


(20) 



cos 2x = cos 2 a; — sin 2 a;; or from (4) 
cos 2x = 2cm 2 x — 1. 
By treating (2) in a similar way we have 

sin 2x — 2 sin x cos x. 
From (3) 1 = (SUq) 2 - (VUqf, (21) 

or 1 = sin 2 # + cos 2 a;. 

Introducing in (6) the condition that g'and q be complanar, and substitu- 
ting versors, we have VUq'q= VUq'SUq+VUqSUq'. 

Taking the tensor of this equation and observing that VUq' \ \ VUq, we 
have, by (12), TVUq' q = TVUq' SUq+ SUq' TVUq ^ (22) 

sin(x-\-y) = sin x cos y + cos x sin y. 
We have from (5), since 
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S{ Vq'. Vq) = — TVq'TVq cos Z ( Vq': Vq) = —TVq'.TVq, 

SUq'q = SUq'SUq — TVUq'TVUq (23) 

cos (a;+y) = cos a; cos y — sin a; sin y. 
Substituting q* 1 for g in the last two equations, 

TVUq'q- 1 = TVUq' SUq — SUq' TVUq, (24) 

SUq'q- 1 = SUq' SUq + TVUq'TVUq, (25) 

which gives the values for the sine and cosine of the difference of two angles. 
Adding (22) and (24), TVUq'q + TVUq'q' 1 = 2SUq TVUq'S. 
Putting q'q* 1 = r, q'q = r', q' = \/{r'r), q — \/(rr') and we have 
TVUr' + TVUr = 2SU l /(r'r- 1 )TVU v / (r'r), 
sin x -f sin y = 2sin %(x -f y) cos %(x — y). 
Similarly, 

TVUr'— TVUr = 2SU v /(r'r)TVUV{r'r- 1 ), 
SUr' + 8Ur = 2SU x /(r'r)SU l /{r'r- 1 ), 
SUr' — SUr = —2TVU-i/(r'r) TVUx/ir'r- 1 ). 
From (8) 2(TVU V / qf = TUq — SUq, 

2 sin 2 |ar = 1 — cos x. 
From (9) 2(SUi/qf= TUq + SUq, 

2 cos 2 Ja; = 1 -\- cos x. 

(TV-Stf— 28 9- TV 9 _ 22^ (&?) 2 _ 2(T^) ? 

(^9) a + W ~~ Sj '(Sqf-(TVqY — l-[(TV:SjqJ' 
, 2 tan x 

(rF»Vg - {TV:S)g+{TV:S)£ {TV;8)I1 __ (T^) 9 -(r^ V 

1 ;? * — l-crra&rTW ^ y '* )q q - i+(Tra) ? (rM)?" 

tan (x±y) = ****** V . 
1+tana-tany 

cos a; cosy 

(TOMr'r) - TVUr ' + TVUr (TV-SWir'r- 1 ) - 7 ' F ^'- TF ^ 
V JV * ; ~~ SUr' + SUr > (I V ^ )V[r > ~ ~8W+8Ur ' 

tenU*±y) = sblx±siny . 

cosaj-fcosy 

By (6) we have 

V(q".q'q) = Vq'qSq"+Sq'qVq"+ V(Vq".Vq'q) 

— Vq'Sq Sq"+ VqSq'Sq"+Sq" V. Vq' Vq+ Vq"Sq'Sq 

+ Vq"S. Vq' Vq + V{ Vq" Vq'Sq + Vq" VqSq' + Vq" V. Vq' Vq), 
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which becomes, by (10) and (11) and by arranging symmetrically, 
Vq"q'q = VqSq' Sq" + Vq'Sq"Sq+ Vq"Sq'Sq+Sq V. Vq" Vq' 

— Sq' V. Vq Vq"+Sq" V. Vq' Vq + VqS. Vq" Vq' — Vq'S. Vq Vq" 
+ Vq"S.Vq'Vq. ' ' (39) 

By (5) S(q"q'q) = Sq"Sq'q+S( Vq". Vq'q) — Sq"Sq'Sq+Sq"S. Vq' Vq 

+ S{ Vq" Vq'Sq+ Vq" Vq Sq + Vq" V( Vq' Vq)\ or by (10) 
and (13), S.q'q'q = Sq"Sq'Sq+Vq" Vq Vq+Sq"S:Vq'Vq—Vq"S.Vq'Vq ' 
+ Sq'S. Vq Vq" + Vq'S. Vq Vq"+Sq S. Vq" Vq — Vq S. Vq Vq 
= Sq"Sq'Sq+ Vq" Vq Vq + q'S. VqVq" + KqS. Vq" Vq' + Kq"S. Vq Vq. (40) 
Making the quaternions complanar and their tensors equal, and then ta- 
king the tensors of the two equations, we have for the sine and cosine of the 
sum of three angles, 

TVr*q"q'q= TVYq"8Yq'SYq+SYq"TVYq'SYq+SYq"SYq'TVYq 

— TVYq" TVYq' TVYq. (41) 

SYq'q'q — SYq"SYq'SYq — TVYq'TVYq'SYq 

— TVYq"SYq'TVYq — SYq"TVYq'TVYq. (42) 
These equations might have been deduced directly from (22) and (23), 
but the formulae for non-complanar quaternions, (39) and (40), are not 
without value. 

From (22), (23), (20), (2), (41) and (42), we obtain 
TVYq" 2 +TVYq' 2 +TVYq 2 -TVYq" 2 q' 2 q 2 ==4TVYq''qTVYq'qTVYqq";(4S) 
SYq" 2 +SYq' 2 +SY<f+SYq"Yq 2 = 4SYq"q SYq'q SYqq"; (44) 

-TVYq" 2 + TVYq' 2 + TVYq 2 + TVYq" 2 q' 2 q 2 = ^SYq'q' TVYqqSYqq"; (45) 
—SYq" 2 +SYq' 2 +SYq 2 —8Yq" 2 q' 2 q 2 = 4TVYq"q' SYq'q TVYqq". (46) 
When Zq"q'q = 2n.fa TVYq"*q' 2 <f = and SYcf'YV = — 1. 
The above equations then become 

±iTVYqTVYq> TVYq" = TVYq'+TVYq' 2 +TVYq" 2 , 
±4SYq SYq' SYq" = SYq 2 + SYq' 2 + SYq" 2 + 1, 
±48Yq SYq' TVYq" ' = TVYq" '+ TVYq' 2 - TVYq" 2 , 
±4TVYq TVYq' SYq" = SYq 2 + SYq' 2 — SYq" 2 — 1, 
the upper sign being taken when n is even, the lower when n is odd. 

When Zq"q'q = (Sn+l)^, TVYq" 2 q' 2 <f = and S Yq" 2 q' 2 q l = 1 , and 
the equations become 

±4SYq SYq' SYq" = TVYq 2 + TVYq' 2 + TVYq" 2 , 
±4TVYq TVYq' TVYq" = SYq 2 + SYq" + SYq'" — 1, 
±4TVYq TVYq' SYq"= TVYq 2 -4 TVYq' 2 — TVYq" 2 , 
±4SYq SYq' TVYq" = SYq 2 4- SYq' 2 — SYq" 2 4- 1, 
according as n is even or odd. 



*For want of sorts the Greek Upsilon is here used instead of TJ. — Compositor. 



